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Abstract. The study of different types of ideals in non self-adjoint operator 
algebras has been a topic of recent research. This study focuses on prin- 
cipal ideals in subalgebras of groupoid C*-algebras. An ideal is said to be 
principal if it is generated by a single element of the algebra. We look at 
subalgebras of r-discrete principal groupoid C*-algebras and prove that these 
algebras are principal ideal algebras. Regular canonical subalgebras of almost 
finite C*-algebras have digraph algebras as their building blocks. The spec- 
trum of almost finite C*-algebras has the structure of an r-discrcte principal 
groupoid and this helps in the coordinization of these algebras. Regular canon- 
ical subalgebras of almost finite C*-algebras have representations in terms of 
open subsets of the spectrum for the enveloping C*-algebra. We conclude that 
regular canonical subalgebras are principal ideal algebras. 



Introduction 

Non self-adjoint limit algebras are direct limits of subalgebras of finite dimen- 
sional C*-algebras. The refinement embedding algebra, standard embedding alge- 
bra and the alternating embedding algebra are examples of non self-adjoint limit 
algebras and these examples are explained in detail in this paper. Some important 
special classes of non self- adjoint limit algebras are : 

• TUHF (Triangular Uniformly Hyperfinite) algebras. 

• TAF (Triangular approximately finite dimensional) algebras. 

• Regular canonical subalgebras. 

TUHF algebras form a subclass of TAF algebras and TAF algebras form a subclass 
of regular canonical subalgebras. The upper triangular complex matrix algebra T n 
is a basic building block for TUHF algebras whereas direct sums of upper triangular 
matrix algebras are the basic building blocks for the TAF algebras. Digraph alge- 
bras are the building blocks for regular canonical subalgebras of AF C*-algebras. 
The refinement embedding algebra, standard embedding algebra and the alternat- 
ing embedding algebra arc examples of TUHF limit algebras. The study of different 
types of ideals in non self-adjoint operator algebras has been a topic of recent re- 
search. We will study one of the basic types of ideals: a principal ideal in some 
non self-adjoint limit algebras. An ideal is said to be principal if it is generated 
by a single element of the algebra. In this study we will first analyze the structure 
of ideals in digraph algebras and prove that digraph algebras are principal ideal 
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algebras. Since regular canonical subalgebras of AF C*-algebras are infinite dimen- 
sional analogues of digraph algebras, it is natural to expect these algebras to be 
principal ideal algebras. But it is observed that the proof does not follow naturally 
and we have to resort to the spectrum of these algebras in the proof. The spectrum 
of AF C*-algebras has the structure of an r-discrete principal groupoid and it is 
this groupoid and substructures of the groupoid which help in the coordinization 
of these algebras. Any closed subalgebra of an AF C*-algebra which contains the 
diagonal has a functional representation in terms of an open subset of the spectrum 
of the enveloping C*-algebra and we use this representation to prove that regular 
canonical subalgebras of AF C*-algebras are principal ideal algebras. 

1. Preliminaries 

In this section we define AF C*-algebras, UHF C*-algebras, TAF algebras, 
TUHF algebras and regular canonical subalgebras of AF C*-algebras. TAF and 
TUHF algebras are non self-adjoint versions of AF C*-algebras and UHF C*- 
algebras respectively. We will illustrate the definitions with some examples. Also 
there are two equivalent ways of defining these algebras, one as an inductive limit 
and other as the closure of an increasing union of finite dimensional algebras and 
these are explained below. 



1.1. Direct limit of C*-algebras. 

Definition 1.1.1. A C*-algebra is a norm closed self-adjoint subalgebra of the 
operator algebra B(H), for some Hilbert space H. 

Every finite dimensional C*-algebra is ^isomorphic to the direct sum of full 
matrix algebras (A proof of this is indicated in ||, page 74). Next let B\ 

B% B3 B4 ^5 ■ ■ ■ B n -5 B n+ i ■ ■ ■ denote an injective direct system of C*- 
algebras B n , n — 1, 2, • • • with star injections (p n : B n — > B n+ \. Then the product 
n^Li B n is a *-algebra with pointwise defined operations. Let B^ = {6:6 = 
(pn) G n^°=i B n , <Pn(b n ) = b„+i, for all large n}. Then B^ is a *-subalgebra of 
f] n=1 B„. Any *-homornorphism (p n : B n — > B n+ \ is necessarily norm-decreasing 
(this is a standard result from C*-algebras). Consequently ||6 n +i|| < ||6 n || for large 
n and so the sequence (||6n||) is eventually decreasing and also bounded below. 
Thus the sequence (||6 n ||) converges. Let p(b) = lim^oo ||6„||. Then it is clear that 
p : B^ —> R + , b 1 — ► p(b), is a C*-seminorm on B^. We denote the enveloping C*- 
algebra of (B^^p) by B, and call it the direct limit of the sequence (B n , ipn)n°=i- 
Also we denote B by lim B n . 

n 

Next we define AF C*-algebra and UHF C*-algebra. 

Definition 1.1.2. A C*-algebra B is approximately finite dimensional (AF) if it 
is the closure of an increasing union of finite-dimensional C*-subalgebras B n . 

Remark 1.1.3. Equivalently every AF C*-algebra is ^isomorphic to a direct limit 
algebra, lim(i3„ i , (pi), associated with standard unital injective maps <pi : B ni —> B Hi+ . 

where each B ni is a direct sum of full matrix algebras. 

A simple finite dimensional C*-algebra is *-isomorphic to a full matrix algebra. 



PRINCIPAL IDEALS IN SUBALGEBRAS OF GROUPOID C*-ALGEBRAS 



3 



Definition 1.1.4. A C*-algebra B is uniformly hyperfinite (UHF) if it is the clo- 
sure of an increasing union of simple finite-dimensional C*-subalgebras B n . 

Remark 1.1.5. Equivalently, every UHF algebra is ^-isomorphic to a limit algebra, 
lim(JVf ni , associated with standard unital injective maps <pi : M ni — * M„ i+1 . 

1.2. Matrix unit system for limit algebras. Since M n = B(C n ), where C ra 
denotes the n-dimensional complex field, we will make frequent use of the fact that 
corresponding to any orthonormal basis ei, ea, • • ■ , e n , M n has a basis consisting of 
matrix units 25y = e^e* (e* denotes the conjugate transpose of e,-) for 1 < i,j < n. 
We can also define e^e* as an operator: eie*{x) =< x,ej > e^. Consequently 
if _B = M m © M„ 2 © M„ 3 © • ■ ■ M nk , then i? has a matrix unit system(m.u.s), 
say {Efj : 1 < s < k, 1 < i, j < n s }. Evidently such a m.u.s is not unique 

because if {Eij} is a m.u.s then {e l9 ^~^ E^} is another m.u.s where e %6 denotes 
a complex number of modulus 1. Also conjugating the m.u.s by any unitary will 
yield other matrix unit systems. But any two m.u.s of a finite dimensional C*- 
algebra are inner conjugate and hence the choice of m.u.s for a chain of finite 
dimensional C*-algebras is irrelevant although it does matter how the m.u.s fits 
with the embeddings. The m.u.s for a chain {B^} is a system {efAijk where for each 
k the system {e^-}y is a m.u.s for Bk and where each efj- is a sum of the elements of 
i e ij~ 1 }ij- Suppose B — \J^ =l A n is an AF algebra and let D n be a maximal abelian 
self-adjoint subalgebra (masa) for each n such that D n C D n+ i, for all n. Let 
D = U^. 1 £) n . Then D is a masa of B and D n = D PI B n is such that D n C D n+ i. 
The existence of such a masa is guaranteed in ||. Let £?„ = ©^M^^), where 
Mfc denotes a fc x matrix. Then for each n and m, a m.u.s {e™" 1 } can always 
be chosen for M k ( n ^ so that if n : B n —> B n+ \ denotes the embedding from B n 

to B n+ i then n (e^" m ' > ) is a sum of matrix units of B n+ \. Also the m.u.s can be 
chosen such that each D n is generated by the diagonal matrix units. Consequently 
D is the closed linear span of {e|" m) : 1 < n,l < m < l(ri), 1 < i < k(n,m)}. (The 
reader is referred to |l6| for details.) 

Remark 1.2.1. All subalgebras of AF algebras in this paper are norm closed. 

Let D be the abelian C*-algebra generated by all of the diagonal matrix units 
e I -"™' ) associated with the m.u.s {e I -™ m ' ) }, as above. Then D = U°Z 1 D n , where D n 
is the masa in B n spanned by the diagonal matrix units. Then D is a masa in B 
(for a proof of this, refer to []l6|| ). We call D a regular canonical masa associated 
with the m.u.s. {e[^ }. 

At this point we will define TAF algebras and TUHF algebras and regular canon- 
ical subalgebras. Let A denote a regular canonical subalgebra of an AF C*-algebra 
B. It is important to note that the embeddings (f>i : A ni ~* A Ui+1 are *-extendible 
and maps the normaliser of Dk into the normaliser Dk+i- Such embeddings are 
called regular embeddings in literature. 

Definition 1.2.2. A regular canonical subalgebra A of an AF C*-algebra B is a 
closed subalgebra of B such that DCiCJJ; where D is a regular canonical masa 
associated with a m.u.s for B. 
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Definition 1.2.3. If B = U^-Bn is an AF algebra with masa D , then a subalge- 
bra A of B is said to be TAF with diagonal D if D = A n A*. 

Definition 1.2.4. If B = U^-Bn is a UHF algebra with masa D , then a subal- 
gebra A of B is said to be TUHF with diagonal D if D = Af~\ A*. 

Definition 1.2.5. A triangular subalgebra A of an AF C*-algebra B is a closed 
subalgebra of B such that An A* is a masa. 

Definition 1.2.6. A TAF subalgebra A of an AF C*-algebra B is said to be max- 
imal triangular if A is the only triangular subalgebra of B containing A. 

Remark 1.2.7. In the above definition, if the sequence {B n } can be chosen such 
that A n B n is maximal triangular in B n for each n, then A is called strongly 
maximal triangular. 

The refinement embedding algebra, standard embedding algebra and the alter- 
nating embedding algebra are examples of strongly maximal triangular algebras. It 
is evident that a strongly maximal TAF algebra is a maximal TAF algebra. But 
the converse is not true and an example is given in fll4j . 

Remark 1.2.8. If A is a TUHF algebra then it may be possible to write A = A n 
where each A n is not a factor. This motivates the following definition. 

Definition 1.2.9. A strongly maximal triangular subalgebra A of a UHF algebra 
B is said to be strongly maximal in factors if a sequence {B n } can be chosen such 
that B n = M nk for each n, B = U°^ 1 B n and A n B n is maximal triangular in B n 
for each n. 

Again it is not true in general that a strongly maximal TUHF algebra is strongly 
maximal in factors. An example is given in fl4|| . 



1.3. Examples of limit algebras. We will study the refinement embedding alge- 
bra, standard embedding algebra, the alternating embedding algebra and digraph 
algebras in detail. 

1. Let (rife) denote a sequence of positive integers such that rife divides rifc+i, for 
each k = 1,2, • • • Consider the unital injective maps pk ■ M nfc — » M rik+l given 
by pk(ciij) = (<iijlr k ) such that (ayJ rfe ) is the partitioned matrix in M nfc , 
with I rk the identity matrix in M rk , where = ■ In this case pk (e*j ) = 

E1 k , e^ + \ x . . ,. ,s .. Here is an example of a refinement embedding : 
t=l {i-l)q k +tJj-l)q k +t r o 
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where the righthand side is a 2 by 2 matrix, with each entry amplified by 
order r using the identity matrix I r . Then the limit algebra lim(M nfc , pk) 

k 

associated with these unital injective maps pk '■ M nk — > M nk+1 is an example 
of a UHF C*-algebra (also called Glimm Algebra in literature). Then if 
T n C M n denotes the algebra of upper triangular matrices relative to the 
standard m.u.s it follows that Pk{T nk ) Q T nk . The canonical subalgebra 
\im(T nk , pk) of the UHF C*-algebra is called a refinement limit algebra. 

k 

2. Let (rife) denote a sequence of positive integers such that nk divides nk+i, for 
each k — 1, 2, • • • Consider the unital injective maps Ok '■ M„ t ^ M nk+1 given 

by crk(e^) = E^o 1 e i+tq k ,j+tqk ■ Thc unital in j ective ma P s °"fc : M ™ fc ~> M„ fc+1 
are called standard embeddings. Here is an example of a standard embedding 
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Then if T n C M n denotes the algebra of upper triangular matrices rela- 
tive to the standard m.u.s it follows that <Jk(T nk ) C T nk+1 . The canonical 
subalgebra lim(T„ fe , pfe) is called a standard limit algebra. 

k 

3. Alternation limit algebras are limit algebras in which thc refinement embed- 
dings and the standard embeddings are used alternatively. Let (r^) and (sk) 
denote sequences of positive integers; k = 1,2, Let Ok ■ M Sk ^> M Sk+1 
denote the standard embeddings and pk '■ M rk —> M rk+1 denote the refine- 
ment embeddings. Then the limit of the direct system C A T ri A T riSl A 
T riSl r 2 • • • is called an alternation limit algebra. 

4. A digraph algebra is a subalgebra of the full complex matrix algebra M n which 
contains a maximal abelian subalgebra of M n . Let D n denote the standard 
diagonal algebra associated with the standard m.u.s . The digraph algebra 
is unitarily equivalent to an algebra containing D n . Thus an example of a 
digraph algebra is 

" * 
* * * * * 
o * * * * 
0***0*0 
* * * 

o * * * * * o 

* 
Digraph algebras are basic building blocks for regular canonical subalge- 
bras. Let A denote a digraph algebra such that A C M n . Then we have 
D n C A C M n , where D n denotes the algebra of diagonal matrices. Let 
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Lat A denote the lattice of invariant projections of A. Then Lat A = {p £ 
M n : p — p* = p 2 and ap = pap,\fa £ A}. Let p £ Lat A Then p is also 
invariant for D n . But D n is a self-adjoint algebra and so p is invariant for 
D n implies p lies in the commutant of D n , where commutant is the set of 
all elements of M n that commute with all elements of D n and is denoted by 
D c n . But D n is a masa and so D£ = D n . So p £ D n . Since p is an arbitrary 
element in Lat A, we can infer that Lat A C D„ and consequently is a commu- 
tative lattice. Note that Lat A is a commutative lattice with p V q = p + q — pq 
and p A q = pq for all elements p, q £ Lat A Thus the lattice of invariant 
projections for a digraph algebra is a commutative subspace lattice(CSL). So 
the digraph algebras are just the finite dimensional CSL algebras. 

Remark 1.3.1. If ^±^- = 2 for k = 1, 2, ■ • ■ in examples 1 and 2 above, then the 
standard limit algebra and the refinement limit algebra are called 2°° TUHF alge- 
bras. 



2. Isometric isomorphism of limit algebras 

The UHF algebras corresponding to the refinement and standard embeddings are 
isometrically isomorphic. This is proved in || by J.Glimm. In fact Glimm proved 
that the isomorphism class was independent of the nature of the embeddings and de- 
pended only on the dimensions of the finite dimensional factors. But this is not true 
in the case of TUHF algebras. In fact the standard limit algebra and the refinement 
limit algebra are not isometrically isomorphic. Let S and R denote the 2°° TUHF 
algebras via the standard embedding and refinement embedding respectively and let 
Lat S and Lat R denote the lattice of invariant projections of S and R respectively. 
Then Lat S = {0, 1} and Lat R — L where L= {£i=i e£ : 1 < j < 2™, 1 < n < oo} 
U{0}, a nest. Thus the limit algebras are not isomorphic, since LatS 1 and Lati? 
are not isomorphic. Also it is interesting to observe that the refinement embedding 
maps Latr„ fc into LatT„ fc+1 whereas the standard embedding does not. The classi- 
fication of refinement limit algebra, standard limit algebra and the alternating limit 
algebra up to isometric isomorphism has been done in Q . For all classifications the 
authors used the spectrum, also called the topologized fundamental relation. The 
results in this paper also make use of the spectrum. The spectrum of these algebras 
has been studied in detail in jL6) . But for the sake of completeness we will describe 
the spectrum of these algebras. 



3. Spectrum or Fundamental relation 

3.1. Introduction. To understand the concept of spectrum for a limit algebra, we 
will start by defining a normalising partial isometry and we will see how normalising 
partial isometries act on the maximal ideal space of the canonical masa of a limit 
algebra to generate the spectrum. 
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3.2. Spectrum of limit algebras. Let B denote a limit algebra lim(i?i) arising 

i 

from the direct system Bi Bi ^ B3 B4, ^ ■ ■ ■ B n ^5 B n+ i ■ ■ ■ such that the 
*-extcndible embeddings ifi map the matrix units of Bi to sums of matrix units of 
B i+ i. Let D denote the regular canonical masa of B associated with a m.u.s. Then 
with D n = D n B n , D n C D n+1 and D = U™ =1 D n . 

Definition 3.2.1. An element p in B is a projection if p* = p = p 2 . 

Definition 3.2.2. An element v in B is a partial isometry if v*v is a projection. 

Definition 3.2.3. The range (final) projection and the domain (initial) projection 
of a partial isometry v in B is defined as r(v) = vv* and d(v) = v*v respectively. 

Definition 3.2.4. A map a is a partial homomorphism of the topological space 
X if the domain d(a) and the range r{a) are clopen subsets of X and a is a 
homeomorphism of d(a) onto r(a). 

Definition 3.2.5. A partial isometry v in Bi is called a normalising partial isom- 
etry if vDiV* C Di and v*DiV C Di where Di denotes the masa in Bi. 

Remark 3.2.6. The normaliser Nu i (Bi) is the set of normalising partial isometries 
of Di in Bi. For example if Bi is the upper triangular matrix algebra then the 
normaliser is the set of all upper triangular matrices with entries either or of 
absolute value 1 such that each row or column has at most one non-zero entry. 

Although the spectrum of limit algebras has been described in detail in literature, 
we will describe it and then illustrate it by working out the spectrum for some 
specific examples. Let B denote an AF algebra. Let D C B be a canonical masa 
and let X denote the Gelfand spectrum. If x G X, then there is a decreasing 
sequence of projections {p n }%Li in C(X) with Ci^ =1 p n — {x}; where p n denotes 
the spectrum of p n va X. In other words p n is the image of p n under the Gelfand 
map. Let {e-™' 1 } be a set of matrix units of B with respect to D. Then, p n can be 
chosen as a diagonal matrix unit in B n . Also note that once you have picked the 
projections p n , you cannot be sure that p n G B n , only that p n G -Bfc n for some k n . 
This is just as good. If v is a matrix unit in B with x G vv* then there is an n G N 
such that for n > N ,{v*p n v} n >^ forms a decreasing set of diagonal projections 
and the intersection ri^ =1 v*p n v is a singleton, say y. If v denotes the graph of v, we 
write a v (x) = y <^=> (x, y) G v. In this way, v is viewed as a partial homeomorphism 
of X, with domain r(v) = vv* and range d(v) = v*v. The orbit of x is denoted by 
[x] with [x] — {a v (x) : v is a matrix unit of B with x G vv*}. Each of these orbits is 
countable. If A c B is a TAF algebra with An A* = D; we define a partial order on 
each equivalence class in X. We call x < y if a v (x) — y for some matrix unit v G A. 
This is the partial order. This is a total order on each equivalence class iff A is 
strongly maximal (This is discussed in Chapter 4). Let R = U{v : v is a matrix unit 
of B}. Then R C X x X. Ris topologized by letting the compact open sets v form 
a base for the topology. If P = Li{v : v is a matrix unit of A}, then P C R is called 
the fundamental relation or spectrum of A. More precisely, the sets v form a base 
for the topology: They turn out to be compact in this topology. To summarize; 
let Efj denote the set of points (x,y) in X x X of the form (a(y),y) where a is 
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the partial homeomorphism of X induced by and y belongs to the domain of a. 
Then P = R(A) = U{E^ : e|- 6 A k , k = 1, 2, • • • } denotes the topological binary 
relation of A with the relative topology. The topological binary relation R(A) is 
the spectrum of A. 



3.3. Examples of spectrum for certain limit algebras. 

1. Let us examine the action of normalising partial isometrics on the maximal 
ideal space (spectrum) of the masa in an arbitrary factor of the limit algebra 
with a simple example. Let us consider No 7 (Tr). Consider an arbitrary 
normalising partial isometry v of D-? in T 7 ; as mentioned in the remark v 
has entries either or of absolute value 1 such that each row or column has 
at most one non-zero entry. The maximal ideal space X of D7 is the set of 
its minimal diagonal projections. So X = {en, e22, 633, 644, e^, e^e, ^77} ~ 
{1,2,3,4,5,6,7}. 
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It is easy to check that 11D7V* C D7 and v* D7V C D7. Next let us study the 
action of vxv* for all x G X . We will observe that this action induces a partial 
map a v : S — » T where S C X and T C X such that a v (f)(d) = f(vdv*); 
where / G X, a v (f) e X and d G D. Now, 

• venv* = 0, 

• ve 2 2V* = 0, 

• ve 33 v* = en, 

• ve^v* = 0, 

• ve 55 v* = e 44 , 

• ve 66 v* = 0, 

• ve77V* = e 2 2- 

Let S = {e 33 , e 55 , e 77 } ~ {3, 5, 7} and T = {en, e 44 , e 2 i\ — {1,4, 2}. Then for 
/el such that a v (f) G X there is a partial map a v : S — > T where SCI 
and T C X such that a v (f)(d) — f(vdv*), d G D is given by 

• M/)(e 3 3) = /( e n) ; 

• a„(/)(e55) = /(e 44 ), 

• a v (f)(e T7 ) = /(e 22 ). 

Since SCI and TCI are clopen subsets of X, the partial map a v : S — > T 
is a partial homeomorphism. Thus here the normalising partial isometry v 
induces a partial homeomorphism on X, the maximal ideal space of D7 and 
this partial homeomorphism essentially moves around the elements of the 
maximal ideal space of D7. We do this for all normalising partial isometries 
and consider all the partial homcomorphisms induced by them. Evidently 
the spectrum of T7 coincides with the graphs of all these normalising partial 
isometries. The topology on X is generated by taking each graph as an open 
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subset of the spectrum. For the above example since we are in the discrete 
case, the topology is trivial. 

Remark 3.3.1. Next we identify the spectrum or the topological fundamental 
relation for the refinement limit algebra, the standard limit algebra and the 
alternating limit algebra. We will work the identification of the spectrum of 
the refinement limit algebra and the other two will then follow easily. This is 
mentioned in fl6[| . 

2. Let A = \im(T nk , pk) denote the r°° refinement limit algebra, for some pos- 

k 

itive integer r. Let B — \im(M r k , pk) ■ Then as seen before /£>fc(e&) — 

k J 

Et=l tff-^rk+t^j-l^+t where { e % '■ 1 - - r *} is a m - u - S for M r k - 

Next we see how to index the matrix units using multi-indices. Let [r] = 
{1,2,- •• , r}. Then if k = 2, i = (11,12) and j = (j\,j2) are 2-tuples in 
M 2 = W x W = {1,2,- •■ ,r} x {1,2, ■•• ,r}. ~Thus {e hJ _ : ij e [r] 2 } is 
a m.u.s for M r 2. So in general {e^.j : z, j G M fe } is a m.u.s for M r k. Let 
I? = lim(Z) r fc, pk) be a masa which has the m.u.s {e^j : i G [r] h , k — 1, 2, • • • }. 

k 

Let X denote the maximal ideal space of D. Given x £ A, there is a unique 
sequence (e^ ^ , ei 2j i 2 , ej 3) j 3 , ■ • • ) such that e,-^^ (x) = 1 for all n. Conversely 
each such sequence > ei 2 .i 2 > ei 3 .i 3 > ■■■ corresponds to a unique 

x G X . Thus it is clear that each decreasing sequence of minimal projections 
q% G D r k corresponds to a unique point x G [r]°° under the correspondence 
Qx = e (x 1 .x 2 ,--- ,x k ),(x 1 ,x 2 ,--- ,x k )- In this way we identify X, with the Cantor 
space [r]°° — [r] x [r] ■ ■ ■ with the product topology. Next we identify the 
spectrum R(B). To do this we first specify a relationship between successive 
m.u.s and the natural choice is given by e^j = EL=i e (>i,-.4.m),(ii,-A 1 m)' 
Consequently if Ei i denotes the graph of a partial homeomorphism of the 
maximal ideal space of D r k induced by e^j and -Ejj denotes the same in- 
duced by ei.j then E^i = {(u,u) : u G ix [^fe+i] x [rfe+2] ■••} and Ei t j = 
{(u,v) : u — i x w,v — j x w; wG [r^+i] x [rfe+2] •• ■}. Thus we identify 
the spectrum R(B) with the topological equivalence relation on the Can- 
tor space X = [r]°° which consists of all pairs (u, v) of points whose tails 
coincide eventually. As mentioned before we can visualise the topological re- 
lation R for ejj as lying over the square [0, 1] x [0, 1] by considering the map 

7r ( a; ) = 12k X '=i( x k ~ ^)r~ k ■ For details the reader is referred to jL6). In exactly 
the same way if = ri^r^ ■ ■ -r^ then we may identify i?{lim_ > (M rifc , pk)} 
with an analogous equivalence relation on the Cantor space [n] X [r2\ ■ ■ ■ We 
observe that the lexicographic ordering given by i < j -O- i = j, or i m = j m , 
for 1 < m < n, % n < j n , determines T Uk in such a way that the embedding 
coincides with the refinement embedding. So i?{lim_^(T n( .)}= R{ei,j ■ i < 
l,k = 1,2, • • •} ={(u,v) :u = ixw,v = j x w,i < ]_ ; w G [r k +i] X [r fc+2 ] • • • }. 

3. It is easy to describe the spectrum of the standard limit algebra on the basis 
of the previous example. We look at B = lim(M nfc , <7fc)from the previous 

k 

example. Let A= lim(T nfe , dk) denote the r°° standard limit algebra. Then 

the spectrum R(A) can be thought of as a subset of R(B) which is determined 
by the reverse lexicographic order in a manner analogous to the previous 
example. Again if nu — r\r2r-$ ■ ■ ■ rt then we may identify R(B) with an 
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analogous equivalence relation on the Cantor space X as described in the 
previous example and then obtain R(A) as a subset of R(B) using the reverse 
lexicographic ordering. Observe that if x = (x±, X2, ■ ■ ■) and y — (y±, j/2, ■ ■ ■ ) 
are points in the Cantor space X = [r±] x \r?\ ■ ■ ■ then x < y in the reverse 
lexicographic order implies that either x — y or Xk < yu where Xk is the 
rightmost coordinate of x which differs from y^ . 
4. The spectrum for the alternating limit algebra is obtained by alternating the 
procedures for the standard limit algebra and the refinement limit algebra in 
the previous examples. For details of this refer to |l6| ]. 

Remark 3.3.2. The topological equivalence relation or the spectrum is independent 
of the m.u.s. Stephen Power |jl5) has used this fact to prove that the spectrum of an 
AF C*-algebra is a complete isomorphism invariant up to isometric isomorphism. 
But Donsig, Katsoulis and Hudson JBj have shown that isometric isomorphism is 
equal to algebraic isomorphism. For TAF algebras, since there is only one canonical 
masa, the spectrum is an invariant of the algebra. But for a general limit algebra 
(a limit of digraph algebras), the definition of spectrum depends on the choice of 
a canonical masa. Since it is not known in general if any 2 canonical masas are 
inner conjugate, the spectrum may not be independent of the choice of masa. But 
if the spectra of two AF C*-algebras are isomorphic as topological relations then 
the algebras themselves are isometrically isomorphic. 

4. Ideals in TAF, TUHF and regular canonical subalgebras of AF 

C*- ALGEBRAS 

4.1. Introduction. The study of various types of ideals of TAF algebras has been 
a topic of recent research. The structure of various types of ideals has been studied. 
Among them are the meet-irreducible ideals in [Q and JO], join-irreducible ideals 
in ||, prime ideals in S, lie- ideals in p8| , n-primitive ideals in pxfl , Jacobson 
radical in Q . This paper studies the principal ideals and gives a large class of limit 
algebras in which all ideals are principal. 

4.2. Principal ideals in Digraph algebras. We will start the study by defining 
a principal ideal. 

Definition 4.2.1. An ideal in a TAF algebra is called principal if it is generated 
by a single element of the algebra. 

We will start by looking at the algebra of upper triangular matrices, T n . The 
ideal structure in this finite dimensional algebra is itself complicated and since we 
are looking at infinite dimensional analogues of these algebras; we will analyze the 
structure. For example, a generic example of an ideal in Tj is given by 

* * * * * * 

* * 

* * . 

* * 

* * 

* 

The above ideal is a subset of matrices that vanish at all entries (i, j), for some 
fixed set in the 7x7 index set of T7. The boundary of the zero set is described 
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by a certain non-decreasing function on the diagonal set {1, 2, 3, • • • , 7}. In general 
each ideal / of T n is described by an order homomorphism a : {0, 1, • • • ,n} — > 
{0, 1, • • • , n} such that a(k) < k. So I = I[a] = {(i^) : Xij = whenever i > a(j)}. 
This is the space of matrices which vanish below the boundary determined by a. 
Next we claim that all ideals of T n are principal. This is a known result, but we 
will include the proof for completeness. Before we write a formal proof we will 
make some observations that will guide us towards the result. Let A — (oy) be 
an element of T n ; the algebra of upper triangular matrices. Let {e,j} denote the 
matrix unit system in T n . Let dij denote a non-zero entry of A. Then enAejj yields 
the matrix with all entries excepting the entry dij. Then e^fcie^j + k 2 ej,j+\ + 
^3 e j,j+2 + ^4 e j.j+3 • • • + kiej jn ); (fci, &2, k%, • • • j ki denotes constants) gives dij and 
all the entries in the row containing ay that are to the right of dij. Also (sie^j + 
S2e»-i,i + s 3 ei- 2 ,i + s 4 ej_ 3il • • • + s m e\ t i)eij; (si, s 2 , s 3 , ■ ■ ■ ,s m denotes constants) 
gives ciij and all the entries in the column containing a^- that are vertically above 
dij . So eij is a generator for all the entries in the row containing dij that are to the 
right of ciij and all the entries in the column containing a,j that are vertically above 
dij. In other words, lies in the corner of an L — block matrix and is a generator 
for that matrix. The ideals of T n can be visualized as a combination of L — block 
matrices and so it is apparent what the generator is; it is the sum of elements at 
the corners of the L — block matrices. Thus every ideal of the algebra is generated 
by a single clement of the algebra and so every ideal is a principal ideal. Thus T n 
is a principal ideal algebra. For a formal proof we adopt an approach which gives 
us foresight in tackling the proof in the infinite dimensional analogue. In fact we 
will prove that digraph algebras are principal ideal algebras. Since the algebra of 
upper triangular matrices is a subclass of digraph algebras the proof will also work 
in that setting. 

Theorem 4.2.2. Let A denote a digraph algebra. If I is an ideal in A then I is a 
principal ideal. 

Proof: Let X = {1, 2, • • • , n} x {1, 2, • • ■ ,n}. The digraph algebra A is a 
subalgebra of M n such that A contains the diagonal matrices. Now given the 
digraph algebra A, we can find a subset P of X x X such that P C X and A = 
{a e M n : dij = (i,j) ^ P}. We call P the support set of A. Consider a subset 
F of P such that / = {a e A : = <=> (i, j) ^ F} is an ideal in A. We make the 
following observations: 

• e P,Mi 

• (hj)eP, (j,k)eP=>(i,k)eP 

• (m) eF, (j,k)eP=>(i,k)eF 
. (i,j)eP, (j,k)eF^(i,k)€F 

To prove that / is a principal ideal we have to obtain a single generator for /. We 
claim that g — J2(i j)eF e ij 1S a generator of I where denotes a matrix unit 
with (i,j)th entry 1 and remaining entries 0. Let I g denote the ideal generated 
by g. Now if € I then = eugejj; hence € I g . Next consider the sum 
J2(i,j)eF a ij e ij- Evidently J2(i,j)eF a ij e v e I g'- whence I g C I. Also in the sum 
each summand is an element of /. This implies that /C/ 9 . Thus we have I = I g 
and so g is a generator of the ideal /. This implies that / is a principal ideal and 
so A is a principal ideal algebra. 
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Remark 4.2.3. The ideal of T7 shown below can be thought of as a combination of 
4 L — block matrices with corners at the (l,l)th, (2,2)th, (6,6)th and (7,7)th entries 
respectively 
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* 
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* 
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Thus a generator for the above ideal is; 
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4.3. Principal ideals in limit algebras. Since the digraph algebra is a princi- 
pal ideal algebra, it is natural to think about ideals in their infinite-dimensional 
analogues, the regular canonical subalgebras. Recall that these limit algebras have 
the digraph algebras as their building blocks. It is not at all apparent at present 
if all ideals are principal, although it seems feasible from the previous result. Next 
we will study the structure of ideals in TAF algebras. It is apparent that UHF 
algebras have no nontrivial ideals since they are all simple. The ideal structure of 
AF algebras was analyzed in [jl| . The following results about ideals of AF algebras 
are important. 

Definition 4.3.1. A closed subspace S of an approximately finite C*-algebra B is 
said to be inductive relative to the chain {Bk} of B if S is the closed union of the 
spaces S (~)B k , for k = 1, 2, • • • ; i.e. S = U k (S n B k ) 

It is very important to note that all ideals of an approximately finite C*-algebra 
are inductive. The inductivity of ideals plays a very important role in their analysis 
because this lets us study ideals I in an AF-algebra B by looking at the finite 
dimensional pieces / n B k of /. An elegant proof for the inductivity of ideals 
is given in fl6|| . The essence of the proof is that the injective *-homomorphism 
Bk/I — * Bk/(InBf.) is an isometry. So if any sequence (bk) with each element bk G 
Bk converges to an element b in /, then the isometry forces b to lie in Uk(I H Bk). 
We will state this result as a lemma. 

Lemma 4.3.2. Every closed ideal of an approximately finite C*-algebra B is in- 
ductive relative to the subalgebra chain {Bk}. 

TAF algebras and TUHF algebras have a rich ideal structure. We have already 
analyzed the structure of ideals in the finite dimensional factors (upper triangular 
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matrices) of TUHF algebras. TUHF nest algebras have a particularly nice structure. 
This is also indicated in the next lemma which holds for TUHF nest algebras but 
does not hold in general. Although the next result is not used in the main result 
it exposes the restrictions in dealing with a proof for the main result and the 
subsequent approach. The result is stated as a lemma. 

Lemma 4.3.3. If I n is an ideal in some finite dimensional factor A n of a TUHF 
nest algebra A, for each n, and if I is the ideal in A generated by the I n , then IdA n 
is exactly I n . 

This tells that the process of generating ideals in TUHF nest algebras does 
not add additional elements in the factors. But the above result is not true in 
general. For the proof of the result and an example illuminating that the process 
of generating ideals in algebras other than TUHF nest algebras adds additional 
elements in the factors, the reader is referred to This suggests that generators 
of an ideal I n in one of the finite dimensional factors A n of a limit algebra A may 
not yield generators of the ideal / generated by /„ in the limit algebra A. 



5. Spectrum of ideals in limit algebras 

Next we characterize the spectrum for the ideals of TAF algebras and TUHF 
algebras. Let B be an AF C*-algebra and let J be a closed two-sided ideal in B. 
By lemma 3.2, / is inductive relative to the subalgebra chain {Bk} of B. Let {e^} 
be a matrix unit system for B. Next we define the spectrum of / to be the subset 
R(I) of R{B) given by R(I) = U{£* : e% G I k ,k = 1,2,- ••} with the relative 
topology. Here recall that denotes the set of points (x, y) in X x X of the form 
(ct(y), y) where a is the partial homeomorphism of X induced by e*j- and y belongs 
to the domain of a. The topological binary relation R(I) is the spectrum of /. To 
characterize the spectrum of / we will use the next lemma which is a version of 
the local spectral theorem for bimodules adapted to ideals. The reader is referred 
to [|l6) for a proof of the local spectral theorem for bimodules. 

Lemma 5.0.4. Let e mn be an element of the matrix unit system {efj } associated 
with the AF C*-algebra B. If I is an ideal in B and E l mn C R(I), then e mn G /. 

The next lemma is immediate from the inductivity of ideals and the local spectral 
theorem. Again we adapt a version of the spectral theorem for bimodules to ideals. 
The Bimodule spectral theorem is proved in fl6| . 

Lemma 5.0.5. Let I and J be ideals in the AF C*-algebra B. If R(I) = R(J) 
then I = J . 

6. Groupoid terminology for the spectrum 

6.1. Introduction. The spectrum R(B) of an AF C*-algebra B is an example 
of an approximately finite r-discrete principal groupoid. In this section we will 
discuss what this means. AF C*-algebras are groupoid C*-algebras and it is the 
structure and substructures of the groupoid which helps in the coordinization of 
these algebras. Any closed subalgebra of an AF C*-algebra also has a functional 
representation in terms of an open subset of the spectrum and we will make this 
observation in this section. 



14 



SRILAL KRISHNAN 



6.2. Principal Groupoids. To begin with let us define a groupoid. 

Definition 6.2.1. A groupoid is a set G together with a subset G 2 C G x G, a 
product map (a, b) — > ab from G 2 to G, and an inverse map a — > a _1 ( so that 
(a -1 ) -1 = a ) from G to G such that: 

• If (a, 6), (&, c) G G 2 , then (ab, c), (a, 6c) G G 2 and (a6)c = a(bc); 

• (6, Jr 1 ) G G 2 for all 6 G G, and if (a, 6) G G 2 , then a - 1 (a6) = b, (ab)^ 1 = a. 

A trivial example of a groupoid is a group. Another example of a groupoid is an 
equivalence relation R on a set X. In this case R 2 = {((x, y), (y, z)) : (x, y), (y, z) G 
i?}. P is a groupoid with the product map from R 2 to P given by ((x, y), (y, z)) — > 
(x, z) and the inverse defined as (x,y) _1 = (y, x). Groupoids based on equivalence 
relation are called principal groupoids. 

Definition 6.2.2. The unit space G° of a groupoid G is defined to be the set 
{xx' 1 : x e G}. 

Definition 6.2.3. The range map is the map r : G — * G° given by r(x) — xx~ x 
and the source map is the map d : G — > G° given by = x~ x x. 

For principal groupoids the range and the source maps are given by 

• r(x,y) = (x,y)(x,y)- 1 = (x,y){y,x) = (x,x) 

• d(x,y) = (x,y)- 1 (x,y) = (y,x)(x,y) = (y,y) 

We say that G is a topological groupoid if G is equipped with a suitable topology 
for which product and inversion are continuous . When G is a topological groupoid, 
we also require that the range and the source maps are partial homeomorphisms. 

Lemma 6.2.4. Let G be a locally compact groupoid. Then each of r, d is an open 
map from G onto Go . 

For a proof of the above lemma refer to . For any locally compact groupoid 
G, let G op denote the family of open subsets A of G such that the restrictions ta, 
dA of r, d to A are homeomorphisms onto open subsets of G. 

Definition 6.2.5. An r — discrete groupoid is a locally compact groupoid G such 
that G op is a basis for the topology of G. 

Definition 6.2.6. G-sets are subsets of a topological groupoid G such that the 
restrictions of the range and domain functions are one-to-one. 

Note that every A G G op is a G-set. 

Definition 6.2.7. Let P be an open subset of G containing G°. P is called a 
partial order in G if P o P C P and P n P" 1 = G°. Moreover, if P U P" 1 = G 
then P is called a total order in G. If P o P C P and P = P _1 , then we call P an 
equivalence relation on a subgroupoid of G 

Lemma 6.2.8. If P is a total order on G then P is closed. 

Remark 6.2.9. A TAF algebra is strongly maximal if and only if P is totally ordered. 
For proofs refer to Q. Also observe that in this case P is clopen. 
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6.3. Groupoid structure of AF C*-algebras. Next we will observe that an 
AF C*-algebra B can be expressed as C*(G) for a suitable principal groupoid 
G; i.e B k C*{G). We begin by reviewing the construction of a groupoid *- 
algebra, C*(G), from a locally compact, r-discrete, principal groupoid G. For the 
construction in a more general setting, see Let G C (G) denote the family of 

continuous complex- valued functions with compact support. We can make C C {G) 
into a topological *-algebra by defining for /, g 6 C C (G), (/ * g) and /* by, 

• (/ * g){a, b) = E ((q,c),(c,6))eGa /( a > c )f( c > 5 )- 
. t(a,b)=f(b,a). 

With these operations G C (G) is a * — algebra. Let G*(G) denote the completion 
of G C (G) in a natural norm (as defined in Muhly and Solel's paper [Q). Since we 
are assuming that the groupoid G is r-discrete and principal, G* (G) can be viewed 
as a subspace of continuous functions on G.( [O, 4.2) We consider the space of 
continuous functions with compact support on G^ i.e. G C (G°) and we identify the 
closure of this space in G*(G) by Go(G°). The next result is a consequence of the 
Spectral theorem of Bimodules; for a proof the reader is referred to fll2|] . For the 
sake of completeness we state the result. 

Lemma 6.3.1. Suppose B C G*(G) is a closed G*(G°) - bimodule. Let Q(B) = 
{(x,y) G G : b{x 7 y) = 0;V6 G B} and I(Q) = {b G G*(G) : 6 = on Q}. TTiera 
B = I(Q(B)). 

Remark 6.3.2. Again by the Spectral theorem of Bimodules, for any subalgebra 
A of B such that A contains Go(G°)(here Go(G°) is the analogue of the diagonal 
matrices in the context of AF C*-algebras), there is a subset P of G such that 
A consists of all the elements in G*(G) that are supported on P. Consequently 
we denote A by A{P). Thus TUHF, TAF and regular canonical algebras have 
representations in the form A(P). 



6.4. Examples of Groupoid representations of AF C*-algebras. We will 

observe the above representations for a few examples. As we have mentioned before, 
the spectrum R(B) of an AF C*-algebra B is an example of an r-discrete principal 
groupoid. Also we have noted that the underlying space for the groupoid R{B) 
is the maximal ideal space X for a canonical masa; and R(B) C X x X. Let us 
recall that given an AF C*-algebra B and a m.u.s, each matrix unit, v, from the 
m.u.s acts on the diagonal D of B by conjugation (v*Dv C D). Consequently 
each matrix unit v induces a partial homeomorphism of X (maximal ideal space 
of D) onto itself. We denoted the graph of this homeomorphism by v. Then the 
graphs of all the partial homeomorphisms induced by matrix units (matrix units 
suffice) is the spectrum R(B) of B and is a groupoid, say G. Thus G C X x X 
and is an equivalence relation. We put a topology on G and this topology is 
the smallest topology in which every v is an open subset. G as defined above 
is an example of an r-discrete, principal, topological groupoid. The graph, v, of 
the partial homeomorphism associated with a matrix unit (or a normalising partial 
isometry) has the following properties: 

• (x, j/i ) and (x, y 2 ) G V => yi = y<i- 

• (xi , y) and (x% , y) G v => Xi — x 2 . 
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As mentioned before a subset of G with these properties is called a G-set. From 
the above discussion we observe that an r-discrete principal groupoid G such that 
G C A x A, where X is a topological space, satisfies the following conditions: 

• G is a locally compact Hausdorff space. 

• The map (x, y) — > (y, x) from G to G, and the product map from G 2 to G 
given by ((a;, y), (y, z)) — > (x, z) are continuous. 

• The map x — > (a;, a;) from X to G is a homeomorphism. 

• The unit space G° is an open subset of G. 

Remark 6.4.1. In the second condition the product map is a partially defined map 
on G 2 and hence carries the relative product topology of the topological space 
X x X. The fourth condition is also called (r — discreteness) because it implies 
that for each x G X the set G (~l {(x, y) : y G X} is a discrete space in the relative 
topology. 

The spectrum of an AF C*-algebra satisfies all the above conditions. Next we 
look at the 2°° refinement and the standard embedding algebras and describe their 
spectra as a groupoid G where G C X x X and A is a topological space. 

• Let A = {(o„) : a n G {0,1}}. Set G = {(a,b) G A x A : a n J*= b n for 
a finite no: of n's }. The set X is a locally compact, second countable, 
Hausdorff space and G C A x A is a second countable, locally compact, 
r-discrete principal groupoid. We will identify G with the spectrum of the 
refinement limit algebra A. The groupoid operations on G are as follows: If 
x = (a, b) and y — (c, d) are in G then xy = (a, d) if b = c and it is undefined 
otherwise. As seen above the range and domain functions for G are defined 
by r((x,y)) = (x,x) and d((x,y)) = (y,y). In the present situation there are 
G-sets of the form 

- C/ (ai,a 2 ,a 3 ,--- ,a n ),(bi ,b 2 ,b 3 ,■■ ■ ,b n ) ~ 

{(ai, 02, o 3 , • • • , o„, i n+ i,x B+2 ,a; n+ 3, • • • ), 
(61,62,63, • • • ,6„,a; n+ i,a; n+ 2,a; n+ 3, •• •) : x k G {0, l}Vfc > n + 1} 

These sets are compact and open and forms a base for the topology of G. G 
is r-discrete because the unit space {(x,x) : x G X} = G° is open. Also G 2 C 
G and is the set {((a, 6), (6, c)) : a, 6, c 6 A}. Let C C (G) denote the space of 
all continuous complex-valued functions with compact support on G. Recall 
that for /, g e C C (G), f * g and /* on G 2 are given by 
1- (/ * 9)(a, b) = E ((o,c),(c,t))€ff' /(«' c )-9( c ' 5 ) 

2. /*(o,&)=7(M)- 
With these operations C C (G) is a * — algebra. C*(G) denotes the completion 
of C C (G) in a natural norm as observed before. Also C*(G) can be viewed as 
a subspace of continuous functions on G. For any G-set E, \e, which denotes 
the characteristic function of E, is a partial isometry in C*(G). Consequently 
any element of G* (G) can be written as a norm limit of linear combinations 
01 / * Xe, where E is a G-set and / G G C (G°). Also if E and F are G-sets, 
then xe * Xf — Xef- Now, given the refinement limit algebra A we can 
find an open subset P of G containing G° such that A has a representation 

as functions supported on P. Let P = {(a, 6) : (01,02, a^v) precedes 

(61, 62, 6jv) in lexicographic order and a n = b n for n > N}. Then P is an 

open subset of G containing G . P is a total order and uniquely determines 
A. We observe that P is the spectrum of A. A is a subalgebra of G*(G) 
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which satisfies the condition that its meet with its adjoint is C C (G°) and A 
= {/ G C*(G) : f(h) = 0,V/i G G\P}. Thus by the Spectral theorem of 
Bimodules we have that A « A(P). 

• By imitating the above argument with P ={(a, b) : (ai,ci2> aw) precedes 

(61, 62, &at) in reverse lexicographic order and a„ = b n for n > N} we obtain 

a representation of the standard limit algebra A as A(P). 

Remark 6.4.2. The above procedure can be generalized to TAF, TUHF and regular 
canonical algebras. Let A denote a TAF, TUHF or a regular canonical algebra. 
Since we are dealing with ideals we note that if / is an ideal of A then we can find 
an open subset F of P such that I has a representation as functions supported on 
F. F is called the ideal set of /. 

7. Principal ideals in regular canonical subalgebras of AF 

C*- ALGEBRAS 

7.1. Introduction. We have already seen that a TAF algebra A can be represented 
in the form A(P) for an open set P of the groupoid for the enveloping C* — algebra. 
Moreover A(P) is strongly maximal if and only if P is totally ordered and in this case 
each factor A n of A can be represented as a direct sum of upper triangular matrices, 
each upper triangular matrix obtained from its corresponding full matrix algebra. 
Also for strongly maximal TAF algebras the embeddings j n : A n — > A„ +1 are *- 
extendible to their appropriate full matrix algebras. We will first prove that ideals 
in subalgebras of second countable, locally compact, r-discrete principal groupoids 
are principal ideals. This will be the main result in this paper. Since the spectrum 
of regular canonical subalgebras is a locally compact, second countable, r-discrete, 
principal groupoid it will follow that the regular canonical subalgebra is a principal 
ideal algebra and so are strongly maximal TAF algebras and strongly maximal in 
factors TUHF algebras. We will obtain these results as corollaries to the main result. 
It is important to mention that the proofs to the corollaries will use regularity of 
embeddings and this is the main characteristic of the above limit algebras. 



7.2. Principal ideals in subalgebras of certain groupoid C*-algebras. Be- 
fore we start with the main result, let us recall that the spectral theorem for Bi- 
modules (lemma 6.3.1) implies that there is a one-to-one correspondence between 
ideals I of a subalgebra A of a groupoid C*-algebra G and open subsets F of P 
such that P0F0P CF. This correspondence is given by I = {/ e C*(G) : f(h) — 
0, V7i G P\F}. F is called the ideal set of /. The next lemma is also relevant. For 



a proof the reader is referred to 1 12 



Lemma 7.2.1. For each partial order P in G, A{P) is a norm closed subalgebra 
ofC*(G) containing Cq(G°). Conversely, each subalgebra A ofC*(G) containing 
Cq(G°) is of the form A{P) for a unique partial order P. The correspondence 
P 1 > A(P) is an inclusion preserving bijection between the collection of partial 
orders in G and norm closed subalgebras of C*(G) containing Co(G°). 

Next we state and prove the main result in this paper. 

Theorem 7.2.2. Let G denote a second countable, locally compact, r-discrete prin- 
cipal groupoid that admits a cover by compact open G-sets. Let A denote a subal- 
gebra of C*(G) such that Co(G°) Q A. Then A is a Principal Ideal Algebra. 
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Proof: Since G is second countable, G has a countable basis of open sets. Thus 
every compact open G-set is the union of a finite number of these open sets. Conse- 
quently if G has a basis of compact open G sets then it has a countable basis. Now, 
given A, let P denote the open subset of G containing G° such that A = A(P). 
Since G is covered by countably many compact open G-sets and A is a subalgebra 
of G such that Co(G°) C A, P is covered by the G-sets it contains. As men- 
tioned above there is a one-to-one correspondence between ideals I of A and open 
subsets F of P such that P o F o P C F. This correspondence is given by I = 
{/ G C*(G) : f(h) =0,V/i£ P\F} where F denotes the ideal set of I. Next there 
exist countably many compact open G-sets K t such that U-^j-fQ} = F. We will 
write U~ 1 {i^i} = F as a countable disjoint union. Let 

• Ex = J£i, 

• E 2 = K 2 \K! =K 2 n K x c , 

• E 3 = K 3 \{K! U K 2 ) = K 3 n {K r U K 2 ) c , 

• £7j = X 4 \(^i U K 2 ■ ■ ■ U = 7Q n (#1 U 7sT 2 • • • U K^) c , 



These Ei are countable, disjoint, compact and open. Also U^l-Ei} = F. For 
each Ei, \Ei denotes the characteristic function of Ei C G. Since £7j is compact 
and open, XE t G C C (G) C C*(G). Next consider the sequence (X-E,)- Now since 
U^il^i} = -F we claim that the sequence (xeJ generates I. To prove this we 
first observe that any arbitrary deleted G-set Ki (or made smaller by the deletion 
process) can be obtained as follows. Now, E\ — K\ and so xk x — Xe x - Next, 
E 2 = K 2 \Ki and so K 2 = E 2 U(K 1 r\K 2 ). But E 1 = K x and so K 2 = £ 2 U(£i C\K 2 ). 
This implies xk 2 = Xe 2 + Xe x Xk 2 - Note that xe x G I and so xe x Xk 2 G 7. 
Consequently xe 2 + Xe x Xk 2 G 7 and so Xif 2 € 7. Next, E 3 = K 3 \{K\ U K 2 ) and 
so 7Q, = E 3 U [7f 3 n {K x U 7X 2 )]. But £1 U £ 2 = if i U K 2 and so Xif 3 = Xe 3 + 
Xk 3 (xe! +Xe 2 )- Again by definition of an ideal, xk 3 G 7. In general for any integer 
i, Ei = Ki\(Ki U 7X 2 • • • U Ki_i) and so K t = Ei U [K t n (ifi U7f 2 U 7f 3 • • • U 7Q_i)]. 
But £?! U £ 2 • • • U £ 4 = K x U 7X 2 • • • U K t and so X k % = Xb, + Xk % (xe 1 + Xe 2 + 
Xe 3 + • • • +XEi-i)- Consequently by definition of an ideal, XK t G 7. Thus xat* G 7, 
for all z. Therefore, the sequence (xe») generates 7. Next we claim that X^i ^ L 
is a generator of the ideal 7. Since the partial sums Y^i=i IF"' n ~ 1, 2, • • • are 
norm convergent, let g = X^i The convergence of partial sums X)"=i l^S 
n = 1,2, •• • assures that g 6 7. Let 7 9 denote the ideal generated by g and 7J S 
denote the ideal set of I g . We will prove that I g =7. It is evident that I g C 7. 
In other words, ideal set of I g C ideal set of 7 i.e. E g C F. To prove 7 C 7 ff , 
it would suffice to prove that X-E,- G I implies that X-E,- G ^g, for any arbitrary 
j. Now we have that \JjZ 1 {E i } — F. Next consider XEj £ ^, for some j. Let 
d(xEj) and r(xB 3 ) denote the domain and range projections of Xe v we claim that 

AxE^gdixE,) = { ^r-- 
Now, r{xE j )gd{xE j ) 
= r(XE,)(EZi^)d(XE j ) 
= T,Zi riXEj^dixEj) 

_ XE 3 
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But g G I g , so this shows G I g , and hence xe, G / g . Thus £7j C for all 
j. In other words, the ideal set of I C ideal set of i g and so I g =1. 

Thus if I is an ideal of A then it is a principal ideal and the subalgebra A of G 
is a principal ideal algebra. 

7.3. Principal ideals in regular canonical subalgebras of AF C*-algebras. 

We will need to define subordinate of a matrix unit before we get into the corollary. 
Let A be a regular canonical subalgebra of an AF C*-algebra B and let us denote 
the presentation of A by A\ ^> A2 ^> A3 ^> A4 ^ ■ ■ ■ A n ^> A n+ \ ■ ■ ■ with star 
injections ip n : A n — ► A n+ \. Also for m > n, define ip m>n : A m to be the 

embedding from A n to A m ; i.e. <p m) „ = y m -\ o • • • o </?„. 

Definition 7.3.1. If v G A n is a partial isometry and m > n, a partial isometry 
u G A m is a subordinate of (p m . n (v) if r(u)<^ TOi „(w)rf(u) = u. 

Corollary 7.3.2. Let A denote a regular canonical subalgebra of an AF C*-algebra 
B. Then A is a principal ideal algebra. 

Proof: Let A = A\ A2 ^ As ^ A4 ^+ ■ • ■ A n ^> A n+ \ ■ ■ ■ denote an 
injective direct system (presentation) of C*-algebras A n ,n = 1,2, ••• with star- 
extendible injections tp n : A n — > A n+ \. Since the matrix unit system need not 
be unique we choose a matrix unit system such that every matrix unit in B n is 
a sum of matrix units in B n+ \. Let D n denote the diagonal of £>„, for each n 
and Urrin^ooDn = D denote the canonical masa in B. The spectrum of B has the 
structure of an r-discrete principal groupoid, say G, where GCIxI and X is the 
spectrum of D. Also G is a second countable, locally compact, admits a cover by 
compact open G-sets. Note that in this case the compact open G-sets are supports 
of matrix units. Thus G satisfies the hypothesis of the main result. Consequently 
we can obtain C C (G), the space of all continuous complex- valued functions with 
compact support on G as a * — algebra and C*(G) as the completion of C C (G) 
with respect to a suitable norm. Now, given A, let P denote the open subset of G 
containing G° such that A = A(P). Thus G is a second countable, locally compact, 
r-discrete principal groupoid that admits a cover by compact open G-sets and A 
is a subalgebra of G such that Co(G°) C A. Consequently A is a Principal Ideal 
Algebra by Theorem 7.2.2. 

Remark 7.3.3. The above proof is more concrete than the proof of the theorem in 
the sense that we have a presentation of the regular canonical subalgebra A of the 
AF C*-algebra B with supports of matrix units providing the compact open G-sets. 
In this spirit we describe the process of obtaining a disjoint collection of compact 
open G-sets Ei such that U^ 1 {£'i} = F, where F denotes the ideal set of an ideal 
I in A in the proof of the above corollary. Once this collection is obtained the 
remaining part of the proof is the same as in Theorem 7.2.2. As mentioned in the 
corollary P denotes the open subset of G containing G° such that A — A(P). We 
have already chosen the matrix unit system in such a way that every matrix unit in 
A n is a sum of matrix units in A n+ \. At this stage we look at the intersection of I 
with individual factors A n ; i.e. A n PiI, for each n. Now since <p n (A n ) C A n+i we will 
have overlapping matrix units in A n n / and A n+ i n /; for each n and consequently 
intersecting compact open G-sets in the sequence of algebras, A n n I;n = 1, 2, • • • . 
For each compact open G-set E 1 , which is a support of a matrix unit, let \Ei denote 
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the characteristic function on Ei. Then XEi is a matrix unit in the sequence of 
algebras A n (~1 /; n = 1, 2, • • • . We will obtain a collection of G-sets {Ei} from this 
sequence in such a manner that these G-sets are supports of matrix units in the 
sequence of algebras and U^ 1 {-Ei} = F. Let us first list the matrix units of A n (ll; 
n = 1,2, •■ ■ in order starting with matrix units of A\ (~1 /. Let XK t , Xk 2 i Xk 3 , 
XKi,' ■ ■ denote this list or sequence. This sequence consists of all the matrix units 
of the sequence of algebras A n D I; n = 1,2, • • • in order. Now to achieve our 
aim of obtaining the required collection of G-sets Ei in the sequence of algebras 
A n (ll; n = 1, 2, ■ • • we delete the matrix units in A n n /; n = 2, 3, 4, ■ • • which are 
subordinate to a previous matrix unit. After this deletion process let XEi , Xe 2 > Xe 3 , 
Xe 4 ,' • • be the sequence of the remaining matrix units. In this sequence no matrix 
unit is a subordinate of a previous matrix unit and consequently these matrix units 
are nonoverlapping and so their supporting G-sets E t are nonintersecting. We also 
have that U^-f-Ej} = F. We claim that the sequence (xeJ generates /. To prove 
this we first observe that any arbitrary deleted G-set Ki can be obtained as follows. 
Let Ei be a G-set from \J°^ 1 {E i } such that XK t is subordinate to XE f - That is to 
say that if r(ifi) and d(Ki) denote the range and source maps on the groupoid then 
we have Ki = r(Ki)Eid(Ki). Now r(i-Q) and d{K{) are subsets of Go which is the 
unit space of G. So from the equation Ki = r(Ki)Eid{Ki) we observe that Ki is in 
F. Observe that the fact that Ei is in F and that F is an ideal set, automatically 
places Ki in F. So we conclude that the sequence (xeJ generates /. From this 
point on the remaining portion of proof is as in Theorem 7.2.2. 

Remark 7.3.4. We recall that strongly maximal TAF algebras, strongly maximal 
in factors TUHF algebras and in general, TAF algebras are regular canonical sub- 
algebras and so the theorem holds in those settings. 

References 

[1] O. Brattcli, Inductive limits of finite dimensional C* -algebras, Trans. Amer. Math. Soc. 171 
(1972), 195-234. 

[2] K. R. Davidson, C*-algebras by example, Fields Institute monographs, no. 6, American 

Math.Soc., Providence, RI (1996). 
[3] A. P. Donsig, Semisimple triangular AF algebras, J. Funct. Anal. Ill (1993), 23-349. 
[4] A. P. Donsig, A. Hopcnwasscr, T. D. Hudson, M. P. Lamoureux, and B. Solel, Meet irreducible 

ideals in direct limit algebras, Math. Scand., to appear. 
[5] A. P. Donsig, T. D. Hudson, and E. G. Katsoulis, Algebraic isomorphisms of limit algebras, 

Trans. Amer. Math. Soc. 353 (2001), no. 3, 1169-1182 (electronic). 
[6] J. Glimm, On a certain class of operator algebras, Trans. Amer. Math. Soc. 95 (1960), 

318-340. 

[7] A. Hopcnwasser and S. C. Power, Classification of limits of upper triangular matrix algebras, 

Proc. Edinburgh Math. Soc. 36 (1992), 107-121. 
[8] T. D. Hudson, Ideals in triangular AF algebras, Proc. London Math. Soc. (3) 69 (1994), 

345-376. 

[9] , Radicals and prime ideals in limit subalgebras of AF algebras, Quart. J. Math. Oxford 

Ser. (2) 48 (1997), 213-233. 
[10] M. P. Lamoureux, Nest representations and dynamical systems, J. Functional Analysis 114 
(1993), 467-492. 

[11] , The topology of ideals in some triangular AF algebras, J. Operator Theory 37 (1997), 

91-109. 

[12] P. S. Muhly and B. Solel, Subalgebras of groupoid C* -algebras, J. Reine Angew. Math. 402 
(1989), 41-75. 



PRINCIPAL IDEALS IN SUBALGEBRAS OF GROUPOID C*-ALGEBRAS 



21 



[13] A. L. T. Paterson, Groupoids, inverse semigroups, and their operator algebras, Progress in 

Mathematics 170 (1996). 
[14] J. R. Peters, Y.-T. Poon, and B. H. Wagner, Triangular AF algebras, J. Operator Theory 23 

(1990), 81-114. 

[15] S. C. Power, Classification of tensor products of triangular operator algebras, Proc. London 

Math. Soc. 61 (1990), 571-614. 
[16] , Limit algebras: An introduction to subalgebras of C* -algebras, Pitman Research 

Notes in Mathematics Series, vol. 278. Longman Scientific and Technical. England, New 

York, 1992, Errata available at [http: / / www. maths. lanes .ac.uk/ ^powcr / pubs . brief. htm' . 
[17] J. Renault, A groupoid approach to C* -algebras, Lect. notes in math. 793 (1980). 
[18] T.D.Hudson, L.W.Marcoux, and A.R.Sourour, Lie ideals in triangular operator algebras, 

Trans. Amer. Math. Soc. 350 (1998), 3321-3339. 



Department of Mathematics, University of Alabama, Tuscaloosa 
Current address: P.O. Box 862547, Tuscaloosa, Al 35486-0024 
E-mail address: krish0010bama.ua.edu 



